Abstract: We present a detailed study of the spherically symmetric solutions in Lorentz breaking massive gravity. The existence of such solutions requires that the action of Goldstone fields S φ = Λ 4 d 4 x √ −gF should satisfy a necessary and sufficient condition, that is, the function F forms a commutative ring R F . We discuss the structure and basic property of function ring R F , and obtain the general expression of solution to the functional differential equation with spherically symmetry if F ∈ R F . Using this universal formula, we give some analytical examples and their phenomenological applications.
Introduction
It is an interesting question whether general relativity (GR) is a solitary theory from both theoretical and phenomenological sides. One of modifying gravity theories is the massive deformation of GR. A comprehensive review of massive gravity can be found in Ref. [1] . We can divide the massive gravity theories into two varieties: Lorentz invariant type (LI) and Lorentz breaking type (LB). LB massive gravity can be physically viable, which is free from pathologies such as the ghosts, the van Dam-Veltman-Zakharov (vDVZ) discontinuity due to extra graviton polarization and strong coupling at the low energy scale (see e. g., Refs. [2, 3] and references therein). In most of LB cases the energy cutoff (mM pl ) 1 2 is quite high in comparison with that in LI cases, such that LB massive gravity can avoid all of phenomenological difficulties from LI massive gravity [4] . There is a class of LB massive gravity models in which the solar system constraints are satisfied for larger graviton mass [5] . The relic of gravitational waves engendered during inflation epoch may constitute today the cold dark matter in the Universe and would bring to a distinguishingly monochromatic signal in the gravitational wave detectors [6] . Recently, the massive gravity theories with five propagating degrees of freedom were made in a series of paper [7] [8] [9] . The Lorentz breaking in their gravitational sector is inescapable to concede a nontrivial cosmology for a spatially flat Universe [4] .
In GR, the spherically symmetric vacuum solution to the Einstein equation is a benchmark and its massive deformation also play a crucial role in LB massive gravity. The exact spherically symmetric solutions in some massive gravity models show a variety of different features [10] [11] [12] [13] . They differ from the Schwarzschild solution, which depend on two parameters: the mass M and the scalar charge S. Especially, the solutions show a nonanalytic hair in the form of a powerlike term r −λ [10] . The solutions may possess a horizon depending upon the parameters M and S, which become candidates of black holes.
In this work, we discussed this question in a wide class of promising LB massive gravity theories, where the only propagating degree of freedom is a single graviton [3] . Following Stückelberg [14] , general covariance is restored by a set of Goldstone fields, which are nonlinearly interacting with the metric field. The action can be written as S = S GR + S φ , and
S φ describes a set of four Goldstone fields φ 0 , φ i (i = 1, 2, 3) transforming under a diffeomorphism (diff) δx µ = ξ µ (x) as simple scalars. One can structure diff invariant function F using dimensionless quantities
The fields φ 0 and φ i have spacetime dependent vacuum expectation values that break spontaneously the Lorentz symmetry
If a function F is chosen, we can redefine fields φ 0 and φ i so that a = b = 1. The action (1.1) is invariant under φ i → φ i + ξ i (φ 0 ), where ξ i are arbitrary functions of φ 0 . This symmetry turns out that the perturbations about the vacuum solution (1.2) are nonpathological [3] . One requires that the background breaks only the invariance under boosts but not under the whole Lorentz group. Then, the function F depends on W ij through three combinations w n = T rW n (n = 1, 2, 3) which is necessary for the background to be invariant under the SO(3) symmetry in the φ i internal space [10, 13] .The constant Λ has the dimension of mass, and S φ is understood as the low-energy effective action valid below the scale Λ.
The authors of Refs. [10, 13] studied the black hole solution of models described by the designated function F. Furthermore, we release from the limitations of designated function F so that the Einstein equations become the functional differential equations at present. We have found the functional formula of spherically symmetric solutions. However, the function F(X, w 1 , w 2 , w 3 ) must be not arbitrary, but restrictive if we consider a spherically symmetric system. The proper functions F form a commutative ring R F from the necessary condition of spherically symmetric solution T 1 0 = 0 where T ν µ is the energy-momentum tensor of the Goldstone fields. Before leading to new solutions, we first checked a well-known example using our universal formula of the spherically symmetric solutions. The check has a double significance, which not only checked the known solution but also checked the formula itself. We obtain new analytical solutions as well as the well-known example. Especially, one of new solutions has interesting astrophysics applications.
The paper is organized as follows: in section 1 we introduce the Lorentz breaking massive gravity. In section 2 we shall answer how to choose F(X, w 1 , w 2 , w 3 ) and show that the proper functions F form a commutative ring R F . Furthermore, we shall give the functional differential equations and the expression of static spherically symmetric solutions. Then, we shall give some analytical examples in section 3 and study the phenomenological consequences for new solution in section 4. Finally, section 5 is devoted to the conclusion and discussion.
2 Static spherically symmetric equations and solutions
How do we choose F?
The static spherically symmetric ansätz can be written as follows [10] 
This configuration contains two additional radial functions, h(r) and φ(r) as compared with GR. Since h(r) = constant corresponds to vacuum solution, we might as well assume h (r) = 0 for nontrivial solutions. Using (2.1), we can express w n and X by the following relations
and
3)
The non-zero components of energy-momentum tensor T ν µ for the Goldstone fields are given by the following expressions
5)
where F i ≡ ∂F/∂w i and F X ≡ ∂F/∂X. The non-zero components of the Einstein tensor are
From the Einstein equations
Thus, we have α(r)β(r) = 1, and the Einstein equations can be rewritten as
which are still highly non-linear coupling system. Therefore, we have to take φ = br in order to obtain analytical expression, where b is a constant. In the case of φ = br, (2.2) can be reduced to
and thus we can look on F(X, w 1 , w 2 , w 3 ) as a function of X −1 . Eq. (2.13) can be rewritten as
A commutative ring R F is a set with two laws of composition + and ×, called addition and multiplication, that satisfies rules: (i) With the law of composition +, R F is an abelian group that we denote by R F + ; its identity is denoted by 0; (ii) Multiplication is commutative and associative, and has an identity denoted by 1; (iii) With the law of distribution (
In our case, the monomials 0 and 1 are trivial solutions of (2.15), and f i + f j are also solutions for f i and f j in R F . All solutions of G(X) = 0 form the commutative ring R F .
We will consider the polynomial solution firstly,
where l 0 , · · · , l 3 are positive integers. By the lengthy but straightforward calculation, we find solutions in l 0 = 0 case as follows
Similarly, we have solutions in l 0 = 0 case,
It is easy to prove that g(X,
· · · and their linear combination are also solution of (2.15), where g(X, w 1 , w 2 , w 3 ) is any differentiable function and c is any constant. Therefore, we might take F ∈ R F in the below. In other words, it is necessary to choose the function F ∈ R F if there exist spherically symmetric solution under the ansätz (2.1) and φ = br.
Functional differential equations
If we choose F ∈ R F , the Einstein equations can be reduced to the following functional differential equations
and αβ = 1. Here m = Λ 2 /M pl and the functionals K(F) and H(F) are defined as
Eqs. (2.23) and (2.24) are well defined. Since F is a function of X, w 1 , w 2 and w 3 , the functionals K(F) and H(F) are also ones. Furthermore, w 1 , w 2 and w 3 are the polynomials of X −1 from (2.14), so K and H are also looked upon as functions of X. Thus, X can be expressed as a function of α, α and r from (2.23), and (2.24) becomes an ordinary differential equation of α. Therefore, we can obtain α from (2.24), then we have the solution φ 0 from Eqs. (2.3) and (2.23). Therefore, it is necessary and sufficient to choose the function F ∈ R F if there exist spherically symmetric solutions under the ansätz (2.1) and φ = br.
The expression of ordinary solution
We solve formally Eq. (2.23) as follows
According to the fundamental theorem of algebra, every nonconstant polynomial has a complex root. However, if F ∈ R F , F + c is also in R F so that we always obtain real K −1 (y). This result can be generalized for any analytical function in R F . There is a mathematical identity relation 
where
is also the functional of F, and we can regard it as a function of y. Therefore, (2.30) is a separable first-order equation of y in reality. When we solve Eq. (2.30), there are two cases:
In case (i), Eq. (2.30) has only constant solutions, y = const., which correspond to the Schwarzschild, AdS and dS solutions respectively from (2.28). That is to say
(2.31) From Eq. (2.3) for the Schwarzschild solution, we have
32) where u 0 is an integral constant and
It is worth to note that φ 0 (r) is not real solution if
In the case of dS solution α = 1 − µ 2 r 2 , we require
where u 0 is an integral constant and
For the case of AdS solution α = 1 + µ 2 r 2 , φ 0 (r) is not real as
(2.36) where u 0 is an integral constant and
In case (ii), we obtain the formal integration from Eq. (2.30) as follows
Thus we expressed y as a function of r using the corresponding relation (2.38) between r and y, i.e., y = y(r, u 0 ) where u 0 is an integral constant. Eq. (2.28) can be rewritten as 
Thus, we finally obtain the general expression of solution for the functional differential equations in the H = K case,
3 Analytical examples
A well-known example
We reconsider first a well-known example [10] to check up the formula (2.42). Taking the function F = c 0 f 3 + c 1 (f 2 − 12b 6 ) and b 2 = 1, we have 
Thus, (2.30) is reduced to
and we have y = u 0 r
Substituting (3.3) and (3.5) into (2.42), we obtain again the solution in Ref. [10] by the markedly dissimilar way,
and r s is another integral constant. Remark 1: We remain to take F = c 0 f 3 + c 1 (f 1 + 6b 4 f 0 ) and extend b 2 to be positive real,
. Under the scale transformation c 0 b 2 → c 0 and c 1 b 6 → c 1 , we obtain the same expression of solution (3.6). Therefore, we always choose b 2 = 1 for convenience's sake.
Remark 2: If we formally adopt (3.1) but b is any real number in w 1 , w 2 and w 3 , we will obtain another solution as a by-product. This F is just choice in Ref. [10] , though such choice seem to be not natural. However, it isn't a curious coincidence since such F still belong to R F .
An example of F(X, w 1 , w 2 )
We can choose more simple case of F = c 0 f 3 + c 1 (f 1 + 6b 4 f 0 ) and b 2 = 1 that is only a function of X, w 1 and w 2 ,
where dimensionless constants c 0 and c 1 should satisfy the constraints c 0 + 4c 1 > 0 and c 0 > 0. Substituting (3.7) into (2.25)-(2.26) in b 2 = 1 case, we have
Using Eqs. (2.30), (3.8) and (3.9), we have
Thus, we finally obtain the solution in b 2 = 1 case,
where r s is another integral constant. If we formally adopt (3.1) but b is any real number in w 1 and w 2 , we will obtain a new solution as a by-product. Thus, the reduced (2.12) is (b 2 − 1)(4c 1 b 2 − c 0 ) = 0. Therefore, we find b 2 = c 0 4c 1 in addition to b 2 = 1 that isn't a curious coincidence since such F still belong to R F . In this case, we have 12) and We finally obtain the solution for
where u 0 and r s are integral constants.
A more complex example
Next, we choose more complex form of F as follows
where c 0 and c 1 are dimensionless constant and
Using (2.14) and (2.15), we have the following algebra equation for b 2 :
There is only real solution of Eq. (3.19), b 2 = 1 . Using the same procedure, we finally obtain the analytical solution as follows
A new type of spherically symmetric metric
Finally, we choose the function F so that the metric, when it is opposed to the abovementioned examples, is totally different. We take F as follows
where c 0 and c 1 are dimensionless constants and
Here, we take also b 2 = (c 0 /2c 1 ) 1 2 . Substituting (3.21) into (2.25) and (2.26), we have
Thus, we obtain the expression K −1 (y) by Eq. (2.23),
Similarly, we obtain also the expression H(K −1 (y)) by Eqs. (3.23) and (3.24),
where the parameter a 2 = (c 1 /2c 3 0 ) 1 2 . Thereupon, Eq. (2.24) can be reduced to
which is provided with the solution
Here, u 0 is an integral constant. We have the solution for this system as follows
and r s is another integral constant. Eq. (3.28) gets a new type of spherically symmetric metric which has interesting properties. Let us discussed its behavior and astrophysical consequences in next section. 
Phenomenological consequences

A new astronomical object and its behavior
The behavior of the metric (3.28) is determined by the two integral constants r s and u 0 , and the values of parameters c 0 and c 1 . At the origin r = 0 the term proportional to r s is singular, so the metric always possesses a singularity unless r s = 0. If we take r s = 0, the metric tends to 1 since the logarithmic term becomes m 2 /2u 2 0 at r = 0. In the case of r 1, α tends to 1 − (m 2 /2u 2 0 ) which describes as a metric with a solid angular deficit [15] [16] [17] [18] since the logarithmic term is r −2 order as r → ∞.
There is another singularity at r = a/u 0 for the metric field α. The point r = a/u 0 is a pole of order 2 for the scalar curvature R. These singularities may or may not be hidden by the horizon depending on the values of r s and u 0 . The solutions possessing the horizon are candidates for modified black holes (MBH). The horizon is always present if the integral constant r s ≥ r crit for fixed u 0 , a and m (see Figure 1) , where
Actually, it is easy to prove the above-mentioned result by the asymptotical behavior of gravitational field.
The deflection of a light ray
For a given gravitational field of the astronomical object with the metric (3.28), the equation of motion then permits us to predict the trajectories of light signals, which we can compare with observation data. In the case of ε 1, we should be able to neglect the ε 3 term in Eq. (3.28) then the geodesic equations in the plane θ = π/2 are dt dp
2)
3)
A(r)( dr dp
where p is an affine parameter to coincide with the coordinate t asymptotically, and the integral constant E is such that ds 2 = −E 2 dp 2 . J is also a constant of motion, the angular momentum. By rescaling the following quantities,
Eqs. (4.2)-(4.4) look the same as those in the ordinary Schwarzschild metric. Therefore, we can use results of the Schwarzschild case for our issues. In a Schwarzschild metric, the change in the angular coordinate for a light ray scattered is ∆φ = π + 2r s r −1 0 , where r 0 is the closest distance of the light ray from the centre of gravitational field. The angle by which light is deflected for this gravitational field is
One of the classical Einstein effects is the deflection of a light ray in the gravitational field of the sun. The effect is small but large enough to the detectable, which has been tested by observations during total eclipses of the sun on the apparent positions of stars whose light has passed close to the limb of the sum. The result of optical measurements is consistent with the prediction of GR, but hardly a precision conformation. However, the optical measurement can be substituted with the radio interferometry in these measurements, which has led to the development of very long baseline interferometry (VLBI). Using radio transmission from certain quasars and measuring the deflection as the source is eclipsed by the sun, the most precise result is that ∆φ exp /∆φ GR = 1.0001 ± 0.0001 in terms of a ratio of the observed deflection and the theoretical value ∆φ GR = 4GM /R ≈ 8.488 × 10 −6 rad for GR [19] . Consider the case of r 0 = R in Eq. (4.6), we can write ε 2 in terms ∆φ GR and ∆φ exp as follows
Using Eq. (4.7) and ∆φ exp ≤ 1.0002∆φ GR , we have the upper bound of the parameter ε 2 , that is, ε 2 ≤ 1.081 × 10 −9 .
Einstein ring
If the source of light, the astronomical object with the metric (3.28), and the observer are aligned exactly, all the rays that pass at the appropriate impact parameter around this object, at any azimuth, reach the position of the observer. Under these special circumstance, the observer sees an infinite number of images, which form a ring around this object. Assuming the source is much farther from this object than the observer, the rays incident on this object are then nearly parallel to the line of the alignment, and the deflection angle required for the ray to reach the observer is b/D, where D is the distance from this object to the observer. Thus, the angular radius of the Einstein ring is This angle is at the limit of resolution of optical telescopes, but it is well within the resolution attainable by radio telescopes. Such an Einstein ring should be observable with ratio telescopes if they exist.
Conclusion and discussion
In this paper we have developed a general study of the spherically symmetric solutions in Lorentz breaking massive gravity. We have shown clearly that all solutions of G = 0 form a commutative ring R F . The existence of spherically symmetric solutions requires F(X, w 1 , w 2 , w 3 ) ∈ R F . Moreover, we have obtained the general expression of solution to the functional differential equation with spherically symmetry if F ∈ R F . Using this universal formula, we have given some analytical examples including the Schwarzschild, dS, AdS and other four solutions. If we take r s ≥ r crit in the metric (3.28), this solution will describe a modified black hole or star. We also discussed some phenomenological consequences for these solutions. Let us discuss the minimum separation between the astronomical objects from the cosmological restriction. If the typical distance between these objects is defined to be 2L, then L > εΩ 0 . The separation for these objects is more larger than the size of the Galaxy, so it is not easy to find these objects if they exist unless ε 2 is tiny (ε 2 < 10 −12 ).
Furthermore, one can consider a region where matter is present in the form of a perfect fluid with a constant energy density ρ and pressure p. In other words, the novel features can be ascribed to the Goldstone fluid turned on by matter inside the body. Thus, a self-gravitating body can be described by matching the exterior with the interior solution. In comparison to GR, the resulting equations are difficult to solve analytically even for a constant matter fluid because of the presence of the Goldstone fields. Therefore, one has to rely upon a nonstandard perturbation expansion [13] . It is an interesting question whether there is a star solution with pure Goldstone field. We will study this question further and it is hopeful that many observations will be done to test LB massive gravity.
